Copper Tubing—TFlexible 1/4-inch cooper tubing used to
form the transmitting and receiving coils can be found at
most hardware stores. The cost is approximately $1 per foot.
The 55-gallon industrial plastic drums that the copper tubing
was wrapped around can also be found at many hardware
stores and costs approximately $70.

Miscellaneous—The WPT experiments also required 18-
AWG magnet wire to form the transmitting and receiving
loops, capacitors to set the resonant frequency of the loops,
coaxial cables, and various rf connector adapters. All of
these components can be purchased from Digi-Key
Electronics (https://www.digikey.com/).
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Versatility of electrochemically grown dendrites in the undergraduate

laboratory
S. Tuppan, D. Dams, Z. Olson, and W. J. Kim
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We describe an experiment to fabricate atomic-scale contacts using electrochemically grown silver
wires. The formation of a single-wire junction is directly observed and captured by an optical
microscope, while electrical conductance of the wire, simultaneously recorded, is shown to be
quantized. Further, a diffusion-limited aggregate (DLA) simulation is performed to compare the
observed fractal formed by the silver dendrites. Our experiment directly exposes undergraduate
students to exciting contemporary physics ranging from atomic-scale switches to fractal formation,
all on a single experimental platform. © 2018 American Association of Physics Teachers.

https://doi.org/10.1119/1.5040499

I. INTRODUCTION

One of the fascinating aspects of electron transport involving
atomic-scale contact is the quantization of electrical conduc-
tance in units of Gy = 22 /h, where e is the electron’s charge
and # is Planck’s constant. The wave-nature of electron is man-
ifested as it moves through a narrow constriction whose size is
comparable to its Fermi wavelength. A simple way to demon-
strate this quantum of electrical conductance (i.e., quantized
conductance) employs the so-called mechanical-break junction
(MBJ), whereby a pair of metallic tips are repeatedly brought
in and out of contact, while electrical conductance across the
tips is measured. Distinct step-like conductance plateaus are
readily observed, and histogram analysis reveals the quantized
conductance up to several units of Go.'"™* Some MBJ setups
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have also been introduced as suitable undergraduate laboratory
experiments or as demonstration apparatuses.s_7

Not only is the physics of atomic-scale electron transport
interesting as a direct manifestation of the quantum effects
on an ordinary object like a wire, but this area also provides
opportunites to fabricate electronic devices at the minuscule
size-level of single atoms and molecules. One notable effort
to fabricate controllable atomic-scale contacts include the
use of electrochemistry. Unlike the irreversible mechanical
contacts made in the MBJ method, the electrochemical
approach, by the processes of deposition and dissolution, can
make the atomic-scale contacts reversibly, as demonstrated
by several groups.®® As a result, the use of electrochemistry
for fabricating atomic-scale wires has gained much popular-
ity over the last decade.'®"!
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In particular, Morpurgo et al. combined lithographic and
electrochemical methods to produce “simple, controllable,
reversible, and robust” junction fabrications on the order of
1 nm; their approach offers an exciting prospect of directly
interfacing nano-scale structures to macroscopic devices.'?
But, there is another often overlooked by intrinsically inter-
esting aspect of utilizing electrochemically grown wires as a
means to fabricate atomic contacts-fractal formation by
diffusion-limited aggregation (DLA), a model originally pro-
posed by Witten and Sander in 1981.'*!5 Indeed, electro-
chemistry was one of the primary experimental tools used to
investigate the metal-particle aggregation, as beautifully
demonstrated with zinc and copper “leaves.”'®"'®

Here, we report demonstration of quantized conductance
across electrochemically grown silver (Ag) wires. With the aid
of an optical microscope, optical images reveal a complex pro-
cess of junction-crossing which involves random aggregation
of Ag particles. We perform a DLA simulation on the random
pattern formed by these particle aggregates and compare them
with the observed images. The experimental component of our
project makes its computational counterpart immediately rele-
vant and provides an excellent platform to combine nanoscale
physics involving electron transport measurements with one of
the exciting computing techniques based on random walks.'?

II. EXPERIMENTAL SETUP

Electrochemical growth is initiated inside a Teflon cell con-
taining an electrolyte solution (0.1M HNO3 + 0.01M AgNO;).
Above the Teflon cell is an optical microscope which enables
us to capture images of the growth of Ag wires across the cop-
per electrodes, as shown in top of Fig. 1. One of the copper
electrodes is controlled by a motorized actuator (not shown);
this actuator can move its attached electrode towards and
away from the other electrode.

(@) Optical camera (&

Copper wire

Silver Solution

(b) VAC

Ro=1.0 kQ
= 12V -

Fig. 1. Experimental (top) and electronic (bottom) setups: Electrochemical
growth takes place between two copper electrodes (black) submerged in a silver
solution inside a Teflon cell. Growth is driven by a dc source and is imaged by an
optical microscope, while conductance measurements are simultaneously per-
formed by a lock-in amplifier. The formation of a single Ag wire bridging the gap
is visible on the top-right image captured by the optical scope. The gap between
the electrodes is roughly 100 um, and the width of the Ag wire is on the order of a
few pm. On the electronic setup, a summing amplifier combines V., a driving
source of electrochemical growth and V. (= 30mV), a reference signal from the
lock-in amplifier. The lock-in output then directly measures a voltage across the
1-kQ resistor, which is proportional to the total current through the junction.
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Fig. 2. Calibration result: The calibration is performed by placing a number of
resistors of known resistance R between the copper electrodes. To linearize
the relationship between V,, and R, we define X = (1 +R /R())’l, where
Rop=1.0kQ. The measured data are fit to a straight line: Vo, =a+V,X,
where a represents an offset voltage. The best fit line gives: V,.= (28 = 2)
mV and a=(0.17 = 0.02) mV (Ref. 13). For the calibration, we used metal-
film resistors (1% tolerance), with the resistance values ranging from 1kQ to
12.9kQ.

The Teflon cell was machined as a cylindrical shape with
height & = 2", and outer and inner diameters, D = 5" and
d = 1.5", respectively. Located about one-third from the bot-
tom is a pair of recessed holes (d; = 1/20") through which
the copper electrodes are inserted from outside; these elec-
trodes are sealed by rubber gaskets firmly pressed on the
recessed holes to prevent leaks.

The electrochemical growth is driven by a dc-source
Vae~ 1V, and the conductance measurements are facilitated
by lock-in amplification, with an ac-source (rms)
Vae=30mV at 100kHz. The physical distinction between
the growth and conductance signals, as manifested by their
frequencies and magnitudes, ensures that the crosstalk
between them is minimized. The voltage V,,,, measured
across the reference resistor (Ry=1kQ), is directly propor-
tional to the current through the junction: 7 = V. /(R + Ry),
where R represents the resistance of the junction resistor,
i.e., the nanoscale wire created between the copper electro-
des. Hence, the lock-in output voltage Voy = Va/
(1 + R/Ry) can be directly calibrated by placing a number of
precision resistors of known resistances in the place of the
junction resistor. The result is displayed in Fig. 2 for the fit-
ted line Vo, = a + V,.X, where a represents an offset voltage.
The conductance of the wire formed between the electrodes,
which by definition is G = 1/R, is found through the mea-
sured value of Vg, using the following relations:
X =(Vou—a)/Vae and R=Ro(X " —1). Throughout our dis-
cussions, we shall normalize the measured conductances in
units of Go = 1/(12.9kQ).

A. Experiment I: Demonstration of quantized conductance

Shown in Fig. 3 are results of conductance measurements
that are recorded as the individual wire bridges the junction. In
all of our runs, the growth voltage V4. slowly ramps up to about
Vi ~ 1.2V until the conductance reaches a preset value, usu-
ally around 2G, or 3Gy, after which it ramps down. The growth
could start off immediately at a constant voltage and terminate
without ramping, but we chose to change V4. gradually to
ensure smooth growth, with a ramping speed of 2mV/s.
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Fig. 3. Results of conductance measurements: The vertical axis is normal-
ized in units of G,. Quantized conductance at 1 Gy is clearly visible and lasts
over a hundred seconds in Run 1. There, a jump to 2G, occurs briefly
between 200 and 250s and then the conductance decreases to 1 G, before
increasing to a fractional step at 1.5G. Similar steps are captured in Run 2,
where a brief transition to 2.5G, occurs. In Run 3, the conductance change is
rather continuous, although the first conductance 1G, appears robust (albeit
slightly lower) and lasts over 200 s before gradually transiting to 2G,.

In Run 1, the quantized conductance at 1Gy is clearly
observed and lasts over a hundred of seconds. It then briefly
jumps to 2G, and back down to 1G, again. Around 300s, it
lands at a fractional conductance 1.5G, for a few tens of sec-
onds until it drops to the baseline. In Run 2, while the first
conductance 1G is relatively stable, the second conductance
is not; the fractional conductance at 2.5G|, is briefly captured
before dropping down to half of 1Gy. In contrast to the step-
like changes observed in the other runs, Run 3 displays a
continuous change in conductance while it shows a relatively
stable, quantized step slightly below 1G,. The lower conduc-
tance is likely due to particle build-up on the electrode,
which tends to increase the overall resistance, and hence
lower conductance (see discussions below). A couple of
remarks are in order with regard to our observations:

* The discrete conductance steps, as realized by our electro-
chemical setup, are remarkably long-lived—Ilasting over a
few tens of seconds to over a hundred of seconds. In con-
trast, the atomic-scale contacts created by a typical
mechanical-break junction (MBJ) apparatus have lifetime
ranging from hundreds of micro-seconds and to a few
mili-seconds,'™ though it is possible to fabricate more
durable, MBJ-induced atomic-scale contacts in a con-
trolled environment.® In our own undergraduate lab, stu-
dents routinely observe quantized conductance of atomic-
scale contacts created by the MBJ setup we previously
constructed,' and the present electrochemical setup makes
a great companion to the conventional MBJ apparatus.

* The baseline of conductance depends on the concentration
of the nitric acid (HNOs). The higher the concentration,
the higher the baseline of conductance. For the measure-
ments presented in Fig. 3, the baseline of conductance rep-
resents 3%—4% of G, above the zero-conductance line.
To lower the conductance baseline, a few drops of dis-
tilled water can be added to dilute the overall concentra-
tion of the electrolyte solution.
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* We ramped down the growth voltage V. once the conduc-
tance reached a preset value. The reason for this is to
avoid excessive build-up of Ag aggregates that lead to a
rapid rise to higher conductance without displaying quan-
tized conductance, such as observed in Run 3. Notice that
the wire will continue to grow during the ramp-down even
though the rate of growth is continually decreased.

* The copper electrodes must maintain a minimum, gap-
distance (typically, less than 100 um) to create reliable
single-wire contacts, as shown in Fig. 1. At a farther dis-
tance, the copper electrodes tend to accumulate Ag aggre-
gates, and quantized conductance would become less
pronounced. Even at a short gap-distance, repeated con-
tacts make quantized conductance progressively harder to
observe, which is further obscured by substantial build-up
of Ag particles on the electrode itself. In that case, it was
necessary to clean the electrodes and even to replace them
entirely with a fresh pair of copper wires.

e As an alternative configuration in which to realize quan-
tized conductance in an electrochemical environment, we
point out the earlier work by Nakabayashi et al. who fabri-
cated the atomic-scale contact by colliding 2D fractal on a
circular ring, as opposed to our vertical configuration.”
There, the fractal is observed to be grown radially outward
from the center of the ring.

We observe that when the gap-distance between the copper
electrodes widens, the single-wire crossing, such as captured
in the inset of Fig. 1, becomes less frequent, and the contact-
ing process is complicated by fractal formation as the Ag
aggregates branch out to form multiple contacts (see our next
discussion and additional images in the Appendix). As a
result, this random branching significantly modifies the overall
resistance across the junction and causes the measured con-
ductance to be both non-integral and continuous as they build
up. We believe that investigating this complex behavior of
conductance change, impacted by the particle aggregates, is
the beyond the scope of our present discussions. Instead, in
what follows we present the experimental observations of
fractal formation and compare them with computer simula-
tions based on diffusion-limited aggregation.

B. Experiment II: Fractal observation and DLA
simulation

The gap-distance between the electrodes is now increased
to about 300 um, and the electrochemical growth is initiated.
For this experiment, one may forgo the lock-in measurements
entirely and only apply the growth signal. As such, the present
experiment is the simpler version of the original setup
depicted in Fig. 1, only requiring a dc-power source and the
relevant electrochemical preparation. The top of Fig. 4 shows
progressive images demonstrating fractal formation—the pro-
cess by which tree-like fractals begin to form on the bottom
electrode and “branch” out towards the top electrode. The
direct, real-time observation of the pattern formation of these
fractals provides the students with an immediate experimental
context from which to understand the underlying physical
mechanism — diffusion-limited aggregation (DLA).

There is, however, a slight difference between our experi-
mentally observed fractal and the conventional DLA dis-
cussed in the literature; instead of particles undergoing pure
random walks, the Ag particles in our experiment tend to clus-
ter “vertically” due to the greater gradient of electric potential
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Fig. 4. Progressive images of bridging the junction by the DLA process: The top four images (a)—(d) are experimentally obtained, and the bottom four images
(e)—(h) are computer-simulated. To account for the driving effect of electrostatic attraction, the particles are assigned with a higher probability of moving down
than up (50% versus 10%), with equal probabilities for right and left directions (20%). For the experimentally obtained images, it takes about several minutes for
a fractal to appear in full view, although the process could be expedited by applying a higher growth voltage at a shorter gap distance. Once the base site is raised

to a certain level, such as the one shown in (a), the build-up accelerates. For instance, the time elapse between (c) and (d) is only a fraction of a second.

along that direction. This is because of the need of applying a
constant electric potential (Vg ~ 1 V) to sustain electrochemi-
cal growth of the wires. This externally established gradient
will then favor the particles moving down towards the elec-
trode, breaking the symmetry implied by pure random walks.
Mathematically speaking, the general DLA problem can be
formulated by the solution of Laplace’s equation in which

the electric potential at each site is directly proportional to
the probability of a particle sticking to that particular site.
For example, for pure random walks (i.e., in the absence of
external potential), Laplace’s equation is VV=0 with
zero potential around the lattice boundary. If Laplace’s equa-
tion is solved numerically on the 2-D lattice, it satisfies the
relation
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Fig. 5. Simulation results of diffusion-limited aggregates: (a) A seed site is at the center, and particles are introduced from a random point at the boundary; (b)
a seed site is at the center of the bottom surface, and a particle is introduced from the center of the top surface for each iteration; (c) seed sites are along the bot-
tom surface, and a particle is introduced from the center of the top surface for each iteration. For images (a)—(c), the particles perform a random walk with an
equal probability in all four directions. That is, the equal probability of 25% for top, down, left, and right steps; (d) Same conditions as described in (c), but
with the higher probability of moving down than in other directions. In this case, we have 8%, 60%, 16%, and 16% for the probabilities of moving in top, bot-
tom, left, and right direction, respectively. All simulations are performed on a square lattice of 300 sites.
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V(i) = g VG + 1)+ Vi~ 1))
+V(17]+ 1) + V(lvj - 1)]’ (1)

where (i, j) represents the specific lattice site where the poten-
tial is being evaluated. As seen from Eq. (1), V(i, ) is the aver-
age of the potential of the four neighboring sites—the main
result from the finite difference method for solving the 2D
boundary value problems. Because the potential at the bound-
ary is zero, V is also zero everywhere on the lattice. Thus, the
pure random walk gives equal probabilities in all four direc-
tions (25% for each). On the other hand, the potential differ-
ence established between the top and the bottom electrodes in
our experiment gives rise to a higher probability of the particle
moving down than that of moving up, with roughly equal
probabilities in lateral movement. The bottom of Fig. 4 is the
result of our computer simulation taking into account the
asymmetric probabilities in random walks.

The DLA simulation itself may be done as an independent
project, aided by a standard textbook on computer simulation
like the one written by Gould and Tobochnik.'® Students are
encouraged to use a programming language of their own
choice, such as MATLAB, PYTHON, or c#. The computer simula-
tion is performed as follows: A seed particle is placed in the
middle of a square lattice, for example, at (150,150), as initi-
ated in Fig. 5(a). A random-walk particle is introduced from
a distant site near the lattice boundary; the particle will either
escape to “infinity” (outside the boundary) or stick, irrevers-
ibly, to a neighboring site of the seed. Now introduce another
particle, which again either escapes to infinity or sticks to
one of the neighboring sites of the two-particle cluster. The
process repeats until the tip of the cluster reaches at the lat-
tice boundary. Figure 5 shows several examples of aggre-
gates of a few thousand particles on a square lattice under
different conditions (e.g., varying seeding and emerging sites
as well as the step probabilities).

Note that our DLA simulation uses a set of fixed probabili-
ties to facilitate each random walk at a given site. To make

Fig. 6. Fractal emerging at the tip of a broken wire: (a) We first fabricate a
single-wire junction between the two electrodes, and then (b) stretch it by

retracting the bottom electrode. (c) The wire breaks about one-third way
from top, as indicated by an arrow and (d) fractal growth begins.
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the simulation more realistic, one could consider adding a sub-
routine program in which the new boundary-value problem is
solved each time a new particle is attached to the existing
cluster, thereby updating the probabilities for all sites for each
iteration. The interested reader is encouraged to explore this
feature as an add-on program, although we believe that doing
so will substantially increase computing time without effect-
ing much change on the final image generated by the fixed-
probability simulation, as performed in the present report.**

The entire experiment including construction of the electro-
chemical cell and lock-in calibration was undertaken by two
undergraduate students during an 8-week period of summer
research. A third student developed the DLA simulation in the
following summer. Apart from the lock-in amplifier, the only
major piece of equipment required to record fractal images is
an optical microscope, which we purchased as used (<$500).
The DLA simulation was performed on the same laboratory
computer that interfaced the conductance measurements via a
DAQ card (<$500). Other materials include common resis-
tors, copper wires, and some standard chemical solutions.

III. CONCLUSIONS

We have demonstrated the versatility of electrochemically
grown Ag wires in the undergraduate laboratory. Atomic-
scale contacts can be fabricated by growing these wires
between a pair of electrodes. Our in-situ optical images reveal
a fascinating process of fractal formation, driven by diffusion-
limited aggregation. A DLA simulation is also performed to
compare with the experimentally observed fractals. Our
experiment utilizing electrochemistry provides students with

Fig. 7. Growing a fractal vertically: (a) We begin with a fractal atop a wire
anchored to the bottom electrode. (b) As the fractal grows, the bottom elec-
trode is retracted to maintain a short gap (not visible in the figure) between
the fractal “head” and the top electrode. Due to the head-electrode proxim-
ity, an immediate, vertical build-up follows (b). The bottom electrode is then
further retracted, and the vertical buildup continues in (c) and (d). The final
image resembles the simulation result depicted in Fig. 5(d) in which the
highest probability is assigned for particles moving down (hence the appar-
ent vertical growth). Clearly, the short separation between the seed site (i.e.,
the wire) and the source site (i.e., the top electrode) preferentially promotes
the vertical growth.
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an excellent opportunity to explore contemporary topics in
physics ranging from atomic-scale electron transport to fractal
formation, all on a single experimental platform.

APPENDIX: ADDITIONAL IMAGES CAPTURING
FRACTAL GROWTH

Here we present two sets of additional micrographs (Figs.
6 and 7) we obtained during our fractal growth.
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